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Abstract

Lattice Boltzmann method is used to simulate natural convection

in blood flow through stenotic artery. The problem of natural

convection in stenotic artery is considered and the influence of

elevated temperature and material properties is studied on the flow

properties. A porous like square stenotic medium in a human artery

with fluid (blood) at the left wall of the geometry and the north wall

kept to a normalized temperature of 1.0 is considered. The flow

properties like velocity profiles, streamlines, temperature profiles and
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the rate of heat transfer are then studied with respect to the material 
properties like porosity and permeability and flow parameters like 
Rayleigh number and power law index. 

Nomenclature 
Symbol Description 

Da Darcy number 
Ra Rayleigh number 
 Fluid density 
eff  Effective thermal conductivity 
u Volume-averaged velocity 
p Pressure 
F Total body force 
 Shear viscosity of the fluid 
G Body force 
K Permeability 
F  Forchheimer’s term 
pd  Solid particle diameter 
 Porosity 
 Relaxation time 
 Kinematic viscosity 
 txgi ,  Thermal distribution function 
 txgeqi ,  Equilibrium distribution function 
 txfi ,  Velocity distribution function 
q Darcy flux 
eff  Effective viscosity 
p  Pressure gradient 

L Characteristic length 
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1. Introduction 

Numerical simulation has a potential ability to assist developments in 
medical research by providing a reliable alternative for decision making by 
not only providing a low cost decision making tool but also by helping to 
plan for a medical procedure for future advances. As a result, a wide range 
of biomedical researches focus on numerical techniques that can aid in          
these decision support tools. For instance, simulation of blood flow in 
cardiovascular diseases like aneurysm, thrombosis, stenosis, etc. can lead to 
a systematic understanding of growth of the disease so as to take appropriate 
measures to sustain it. It is known that blood flow in these circumstances 
either aggravates the disease or helps in a systematic cure by a controlled 
procedure. Though blood is considered to be Newtonian, at low shear rates       
it resembles to exhibit non-Newtonian behavior and its viscosity happens       
to be a function of the shear rate. A detailed rheology of blood is discussed 
in Edward [1]. Blood is also considered to be a complex mixture of cells, 
proteins and other elements suspended in plasma by Wang and Ho [2], 
Gijsen et al. [3] and Hron et al. [4]. At low shear rates, these elements are 
responsible for shear-thinning behavior. Various models like power-law 
model, Casson model, K-L model, cross model and Carreau-Yasuda model 
have been proposed to represent blood flow in Wang and Ho [2], 
Ashrafizaadeh and Bakhshaei [5] of which Casson model has been widely 
used in the literature. However, the disadvantage of this model is the limited 
validity of shear rate range which is overcome by Carreau-Yasuda model 
used by Wang and Benrsdorf [6]. 

Coupling of these models along with an appropriate numerical technique 
provides a good simulation tool to understand rheology of blood. Lattice 
Boltzmann method (LBM), for its kinetic essence and the ability to predict 
localized fluid properties, fits in to be a better option compared to other 
numerical techniques. As a result, a large number of researches had focused 
on using LBM to simulate blood flow. Ouared and Chopard [7] used LBM          
to simulate non-Newtonian blood flow in stenotic aneurysm using Casson 
model. They proposed a correction in the method based on the transport          
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by the plasma of red blood cells as well as an aggregation process starting        
in the low shear stress regions, near the aneurysm walls. Dupin et al. [8] 
demonstrated the application on multi-component LBM to simulate mutually 
immiscible liquid species and blood flow. Bernsdorf and Wang [9] used 
D3Q19 LBM model to simulate blood flow in cerebral aneurysm in domains 
created from medical images. This paper considers a porous like square 
stenotic medium in a human artery with fluid (blood) at the left wall of         
the geometry and the north wall kept to a normalized temperature of 1.0.           
The flow properties like velocity profiles, streamlines, temperature profiles 
and the rate of heat transfer are then studied with respect to the material 
properties and flow parameters like Rayleigh number and power law index. 
Porosity is varied from 0.1 to 0.7 whereas is fixed at .10 3  The power law 
index is varied from 0.5 to 1 to consider shear-thinning behavior of blood 
and the Pr is taken as 4, while Ra is varied from 310  to .105  

2. Numerical Method and Implementation 
2.1. Governing equations 

The mathematical model for natural convection in porous media can be 
expressed by the continuity equation, the Brinkman-Forchheimer equation, 
and the energy equation (Seta et al. [10] and Guo and Zhao [11]): 

,0.  u  (1a) 
    ,1. 2 Fuvpuut

u e    (1b) 

     .. 2 euet
e eff   (1c) 

The total body force is given by 
.GuuK

FuKF    (2) 
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Forchheimer’s term F  is related to  as described by Ergun [12] 

,150
75.1

3F       .1150 2
23


 pdK  (3) 

2.2. Lattice Boltzmann method 
The LBM originates from the lattice-gas automata method, in which the 

fluid is modelled by a single-particle distribution function  txfi ,  governed 
by a lattice Boltzmann equation (Seta et al. [10] and Guo and Zhao [11]) 

        ,,,,, iieqiiii dtFtxftxftxfdttdtexf 
  (4) 

where  is given by 
,2

12   dtcs  (5) 

 txf eqi ,  is the equilibrium distribution function for D2Q9 given by Guo 
and Zhao [11] 
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 (6) 
iw  is the weight coefficient with the values 
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







.8,7,6,5361

4,3,2,191
094

i
i
i

wi  (7) 

The force term iF  is given by 
  .:.
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The fluid velocity u is given by 

,
1200 t

t
uccc

uu   (9) 

where 

 
i

iit Gdtfeu .2  (10) 

The two parameters are given by 
.2,212

1 10 K
FdtcK

vdtc E   (11) 

2.3. Energy equation 
The thermal lattice BGK model is given by Chen and Doolen [13] 

        .,,,, g
ieqiiii

txgtxgtxgdttdtexg 
  (12) 

The equilibrium distribution function is given by (Zhao et al. [14] and 
Nithiarasu et al. [15]) 
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2.4. Boundary conditions and numerical implementation 
Second order bounce-back rule for non-equilibrium distribution function 

if  is used to determine the velocity on four walls. The distribution functions 
are given by (Zou and He [16]) 
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,neqneq ff    (14) 

where  is the opposite direction of . For energy distribution function ,ig  
second order extrapolation rule is used on the right wall and the energy 
distribution function at all other walls is determined with the boundary 
conditions for all other walls defined as (Mohamad [17]) 

  .  gwwTg w  (15) 
Carreau-Yasuda model is used to represent non-Newtonian fluids given 

by (Sochi [18]) 
      ,1

1
00 b

nba
   (16) 

where 0  and   are the viscosities at zero and infinite shear rate, 
respectively. The parameters a and b along with 0  and   should be 
appropriately defined for numerical simulation to converge which depend on 
index n and material properties of the porous media. 

3. Results and Discussion 
For non-Newtonian fluids, Darcy’s law for fluid flowing through a 

porous media is given by (Sullivan et al. [19]) 

.
1 n

eff L
pKq 


   (17) 

Thus, the validity of the numerical procedure for non-Newtonian numerical 
simulation can be established by verifying that the plot of q and 

 pgradp   is linear with slope n1  as given in Table 1. The values of 
parameter for 0.5, 0.75 and 1 of 0  were identified as 0.1, 0.06 and 0.02, 
respectively, while   was fixed at 0.001. 

Parameters a and b were taken as 2 and 0.64, respectively. Boundary 
conditions based on non-equilibrium parts were implemented on velocity 
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distribution function, while the unknown energy distribution functions were 
determined as (Yang et al. [20]) 

  .  gwwTg w  (18) 
The temperature difference between top wall and the fluid induces        

fluid flow inside the geometry which results in heat transfer. Various flow 
properties are recorded to quantify the influence of natural convection on 
these parameters. The u-velocity profiles in Figure 1 present the variation in 
u-velocities with respect to n for fixed values of  and Ra at the centre half 
of the cavity. The profiles show a sinusoidal behaviour with the highest 
velocity magnitude at geometric centre of the cavity. The u-velocities were 
observed to increase in magnitude with n, although the basic trend remains 
the same. Influence of  and Ra is also observed on velocity profiles as          
 is increased from 0.4 to 0.7 and Ra from 310  to ,105  which can be seen          
in Figures 1 and 2. These results indicate that an induced flow can help in 
transporting the saturated particles within the stenosis to move out from the 
infected part. Plots in Figures 3-8 show the influence of these various flow 
parameters on streamlines. 

Streamlines are symmetric as required for natural convection in a 
differentially heated geometry. At higher Ra values, flow strength is stronger 
as compared to lower values. Also, as n increases from 0.5 to 1, circulation 
is observed to shift towards the left wall of the cavity. Formation of vortices 
can be observed for lower values of Ra implicating the flow circulation due 
to dominance of conduction over conduction. As the influence of convection 
starts dominating, the flow field expands to major part of the geometry. For 
lower values of Ra, vortices on the left of the geometry tend to occupy a 
bigger space. However, these vortices shift towards left and disappear as 
flow is influenced by buoyancy effect for higher values of Ra. As n increases 
from 0.5 to 1, the flow field due to convection increases which is relevant 
form expansion of flow field from right to left. 
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Figure 1. u-velocity profiles for 4.0  at various values of n: (a) 
,103Ra  (b) 410Ra  and (c) .105Ra  
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Figure 2. u-velocity profiles for 7.0  at various values of n: (a) 
,103Ra  (b) 410Ra  and (c) .105Ra  
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Figure 3. Streamline plots for ,5.0n  :4.0  (a) ,103Ra  (b) 
410Ra  and (c) .105Ra  
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Figure 4. Streamline plots for ,75.0n  :4.0  (a) ,103Ra  (b) 
410Ra  and (c) .105Ra  
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Figure 5. Streamline plots for ,1n  :4.0  (a) ,103Ra  (b) 410Ra  
and (c) .105Ra  
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Figure 6. Streamline plots for ,5.0n  :7.0  (a) ,103Ra  (b) 
410Ra  and (c) .105Ra  
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Figure 7. Streamline plots for ,75.0n  :7.0  (a) ,103Ra  (b) 
410Ra  and (c) .105Ra  
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Figure 8. Streamline plots for ,1n  :7.0  (a) ,103Ra  (b) 410Ra  
and (c) .105Ra  
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Table 1. Nu at hot wall for various values of n,  and Ra 

4.0  7.0  
Ra Ra 

 
n 

310  410  510  310  410  510  
0.5 1.3154 1.3169 1.3357 1.3179 1.3205 1.3391 

0.75 1.3104 1.3157 1.3274 1.3132 1.3168 1.3299 
1 1.3029 1.3140 1.3261 1.3039 1.3144 1.3264 

Table 2. Values of  for various values of n,  and Ra 
4.0  7.0  

Ra Ra 
 

n 
310  410  510  310  410  510  

0.5 0.5956 0.5755 0.5287 0.5948 0.5735 0.5278 
0.75 0.6021 0.5858 0.5421 0.6009 0.5847 0.5403 

1 0.5600 0.5600 0.5600 0.5600 0.5600 0.5600 

Better results can be achieved by considering hot and cold treatments 
alternately for higher temperature difference to increase the velocity of the 
fluid. Variations in Nu values at hot wall are recorded in Table 1 and the 
average values of the relaxation parameter for various values of n are 
recorded in Table 2. The rate of heat transfer increases with an increase in 
porosity and decreases with an increase in power law index. That is because 
of the shear-thinning behaviour of fluid whose viscosity decreases with shear 
strain, thus, helping in increased flow strength, eventually, increasing the 
rate of heat transfer. This process can also be used in pain relief by 
influencing blood flow in any injured part of the body. Same procedure is 
followed in natural treatments like naturopathy in which higher temperatures 
(in terms of warm water or steam) are used to induce a mixed convection. 
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4. Conclusion 

The rate of heat transfer increases with an increase in porosity and 
decreases with an increase in power law index. The process of increasing 
rate of heat transfer can be used in pain relief by influencing blood flow in 
any injured part of the body. At higher Ra values, flow strength is stronger 
as compared to lower values. 

With advanced medicinal technology and elevating cost, there is a need 
of significant research in India to investigate the significance of naturopathy, 
and thus, hydrotherapy. Since the process in our article is drugless, and thus, 
have no side effects, a systematic planning and research is necessary to look 
for a better, cheaper and reliable alternate medical processes. These results 
shall give an insight into the medical process, mathematically, which will 
help in making significant improvements in the methods followed. This will 
help in developing these medical practices as an alternative to the existing 
medical processes to reduce the ever-increasing medical costs in India. This 
process can also be used in pain relief by influencing blood flow in any 
injured part of the body. Same procedure is followed in natural treatments 
like naturopathy in which higher temperatures (in terms of warm water or 
steam) are used to induce a mixed convection. 
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