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Abstract

Let G = (V,E) be a graph on n vertices. A bijection f:V — {1,2,...,n} is called a nearly
distance magic labeling of G if there exist a positive integer k such that ¥ ey, f(2) =k or k+1
for every v € V. The constant k is called magic constants of the graph and the graph which
admits such a labeling is called a nearly distance magic graph. In this paper we present several
basic results on nearly distance magic graphs and compute the magic constant k in terms of the
fractional total domination number of the graph.

Keywords: Distance magic graphs, nearly distance magic graphs.
2010 Mathematics Subject Classification: 05C 78.

1 Introduction

All graphs in this paper are simple graphs without isolated vertices. For graph theoretic terminology
and notation we refer to Chartrand and Lesniak [3].

By a graph labeling we mean an assignment of numbers to graph elements such as vertices or edges
or both. Different types of labelings have been defined by various researchers by imposing different
conditions on such an assignment. For an overview on graph labeling and its recent developments
we refer to Gallian [4].

Let G = (V,E) be a graph of order n. Let f:V — {1,2,...,n} be a bijection. Define the weight of
a vertex v as wr(v) = Yyen(w) f(2), where N(v) is the open neighbourhood of v. If wy(v) = k (a
constant) for every v € V, then f is said to be a distance magic labeling of the graph G. A graph
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which admits a distance magic labeling is called a distance magic graph. The constant k is called
the distance magic constant. The concept of distance magic labeling was originally introduced by
Vilfred [§]. For an overview of known results on distance magic labeling we refer to Arumugam
et al. [I] and Rupnow [7]. Two distance magic graphs of order 7 with magic constants 9 and 7

respectively are shown in Figure 1.
G.e
© O,

Figure 1

Definition 1.1. Let G = (V, E) be a graph without isolated vertices. A function f:V —[0,1] is said
to be a fractional total dominating function of G if for every vertex v € V, ¥ cn (o) f(x)>1. The
fractional total domination number v (G) is defined as v(G) = min {|f| : f is a fractional total
dominating function of G}, where |f| =¥, f(v).

At the International workshop on graph labeling (IWOGL-2010) Arumugam posed the following
problem: For a distance magic graph G of order n, is it possible to obtain two distance magic
labelings f1, fa with distinct magic constants ki,ke? Arumugam et al. [2] later solved this problem
by obtaining a formula for the magic constant k in terms of the fractional total domination number
of the graph, thereby showing that the magic constant is independent of the labeling f. This result
was also independently proved by Slater et al. [6].

Theorem 1.2. If G is a distance magic graph of order n then the distance magic constant k of G
s given by

~ n(n+1)
B 2’th(G)

Kamatchi [9] showed that the integers 4,6,8 and 12 do not appear as magic constants for any
distance magic graph. He posed the following problem: Determine the set S of positive integers
which appear as magic constants of some distance magic graph. Froncek et al. [5] proved that for
every t > 6 there exists a 4-regular distance magic graph with magic constant 2°. In Theorem ??
we obtain an analogous result for nearly distance magic graphs.

(1)

2 Main Results

Consider the complete tripartite graph G' = K4 33. One can easily prove that vz (G) = % If fis
a distance magic labeling of G then by the magic constant k = 1—:1,)0 ¢ N. Hence the graph G
is not distance magic. However, we can find a bijection f :V — {1,...,10} for which the weights
wy(v) =36 or 37 (see Figure 2). It is interesting to note that the vertex weights satisfy the inequality
36 < % < 37. This motivates the following concepts of nearly distance magic labeling.



Figure 2: Nearly distance magic labeling of K433

Definition 2.1. Let G = (V, E) be a graph on n vertices. A bijection f:V — {1,2,...,n} is called
a nearly distance magic labeling of G if there exists a positive integer k such that ¥ en(v) flx) =
k or k+1 for every veV. The constants k is called the magic constant of the graph and the graph
which admits such a labeling is called a nearly distance magic graph.

The following theorem is a generalisation of Theorem
Theorem 2.2. If G is a nearly distance magic with magic constant k , then
+1
- {_"W )J. (2)
2771(G)

Proof. Let f be anearly distance magic labeling of G with magic constant k. Let V' = {vq,...,vp,... 05}
be the vertex set of G such that w(v;) = k for 1 <7 <r and w(v;) =k+1for r+1<i<n. Let

A = (ai j)nxn be the adjacency matrix of G. Let X = [f(vl) f(v2) ...f(vn)]T. Then,

AX = (k,k,.. .k k+1,k+1,... k+1)T
N——
r terms

Let g be a fractional total dominating function of G such that |g| = iy g(vi) = v#:(G).
Let Y = (g(v1),g(v2),...g(vy))T and AY = (Iy,ls,...1,)T with each ; > 1

Since XTAY is a 1 x 1 matrix, XTAY = (XTAY)T = YT AX.

Now YTAX = YT (AX)
=(g(v1),9(v2),...g(vp))(k,ky ...k E+ 1 k+1,... k+ 1)T

=k(g(v1) +g(v2) +...+g(vr)) + (k+ 1)(g(vr1 + g(vrs2) + ...+ g(vn)) = kyp(G) + Zn: g(vs)

i=r+1

Similarly,
XTAy = xT(AY)
= (f(vl)a f('UQ)a s f(vn))(llv l27 s ln)T

= if(vi)li > if(vi) - ”(”T”)
=1 i=1

3



Since XTAY = YTAX we get kv (G) + Z g(v ) > "(nﬂ) . It follows that

i=r+

> g(vi)

| 4 = n(n+1)
’th(G) N 2’th(G)

3)

Now define 6 : V(G) — [0,1] by, 6(v) = min {1, fo )} Since f is a nearly distance magic labeling
with magic constant k it follows that ¥y, (9(:5) = ZxEN(v) f(xz) > 1. Hence 6 is a fractional
total dominating function. Therefore we have,

n+1
@<= Y o<y Y fw)="0rD
veV (QG) veV (G)
Therefore
n(n+1)
k< ————2 (4)
2’th(G)
P 3 d h k< n(n+1) <k 1%19(1}1) do i:%lg(vi) 1. H k= | 7t
rom (3)) and (4) we have ) Ty and U< =gy < 1. Hence _l27ft(G)J

O]

Theorem 2.3. The graph G =nCy U Py, where n > 1 is nearly distance magic with magic constant
4n + 1.

Proof. Let (w1, ui2, , U3, ig, ui1), 1 <i <nbethe n copies of Cy in G. Define f: V — {1,2,...,4n+2}
by

fvy)=4n+2, f(vy)=4n+1

i+n(j-1) 1<i<n, j=1,2

)
(T-j)n+1-i 1<i<n, j=3,4 (5)

and f(u”) = {

Clearly f is a bijection. w(v2) = 4n+2 and w(v) =4n + 1 for the remaining vertices. Therefore f is
a nearly distance magic labeling with magic constant 4n + 1.
]

A nearly distance magic labeling of 4C4 U P; is given in Figure 3.

1 5 2 6 3 7 4 g 18

12 16 11 15 10 14 9 13 17

Figure 3: Nearly distance magic labeling of 4Cy U Py

Theorem 2.4. The graph G =nCy U K33 is nearly distance magic with magic constant 4n +7.



Proof. Let (w1, ui2, w3, uiq,ui1), 1 < i < n be the n copies of C4 in G and {u(n+1)1,u(n+1)3},
{U(n+1)25 U(n+1)4; U(n+1)5) De the bi-partition of K3 .Define g:V — {1,2,...,4n+5} by,

i+1+(n+1)(j-1) 1<i<n+1, j=1,2
g(uij) =3 (T=j)(n+1)+2-i 1<i<n+1, j=3,4 (6)
1 i=n+l, j=5

Then w(z) = 4(n+2) for x € {u(n41)1,U(n+1)3}- The weight of the remaining vertices is 4n+7. Hence
g is a nearly distance magic labeling with magic constant 4n + 7 0

A nearly distance magic labeling of 3Cy U K3 3 is given in Figure 4.

2 6 3 7 4 8 5

Nej

17 12 16 11 15 10 14

Figure 4: Nearly distance magic labeling of 3Cs U K> 3

Lemma 2.5. There is no nearly distance magic graph with magic constant 4.

Proof. Suppose there exists a nearly distance magic graph G with magic constant 4 then |V (G)| =
4 or 5. Let |[V(G)| = 4 and v be the vertex in G with label 4 then all vertices adjacent to v are
pendent vertices and hence w(v) cannot be 4 or 5 which is a contradiction. The proof is similar if
V(G)| =5.

O

Observation 2.6. It follows from Theorem and Theorem that for every odd integer k > 5
there exists a nearly distance magic graph with magic constant k.

Observation Theorems and Lemma [2.5]lead to the following problem:

Problem 2.1. For any even integer k + 4, does there exist a nearly distance magic graph G with
magic constant k?

Theorem 2.7. Let G be an r-regular graph which is not distance magic. Suppose G admits a nearly
distance magic labeling f with magic constant k. Then r is odd and there are exvactly 5 vertices with
weight k.

Proof. Let f be a nearly distance magic labeling of G. Let ¢ be the number of vertices with
weight k. Hence Y,y w(v) =tk+ (n—-t)(k+1) =n(k+1)—t. Since G is r-regular it follows that

Yvev W(V) = Xy Laen(w) [(V) = T@. Hence

@:n(ku)-t.

Therefore k = @ + % — 1. Since k is an integer it follows that r is odd, n is even and hence it
follows that t = 3.
O



Theorem 2.8. A tree T is nearly distance magic if and only if T = Py or Ps .

Proof. Let f be a nearly distance magic labeling of T'. Suppose uq and uo are pendent vertices such
that N(uy) = {v1}, N(uz) = {va} and vy # vo. Then it follows that f(v;) =n and f(ve2) =n—-1. Now
any vertex adjacent to v is a pendent vertex and hence the component which contains vy is a star.
Therefore T' is not connected which is a contradiction. Hence T = K ,,—; and moreover it follows
that T = Py or Ps. OJ

3 Conclusion and scope

Since any distance magic graph is nearly distance magic, an interesting problem for further in-
vestigation is the construction of graphs which are nearly distance magic but not distance magic.
Another possible direction for further investigation is characterisation of specific families of graphs
which are nearly distance magic.
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